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Fourier Transform

Let IF, denote the unique field with ¢ = p" elements, and let [ be prime number different
than p. Let
77@ . ]Fq — Ql

be a non-trivial additive character. (Question: How many of these are there?) This naturally
induce characters

Y :Fpn 3F, 5Q
for all n € N.
Definition 1
Let f:Fpm — Q; be any function. The Fourier transform of f is

The main theorems are just as for the usual real Fourier transform.
Theorem 2 (Plancherel Formula) For the n-norm
1l = (f: P =Y f@)f(@),
dfqun
we have || Ty f]ln = ¢"[| f]n-
Theorem 3 (Fourier Inversion) 7,17, f = ¢"f.

Exercise 1
Prove the theorems.

Given a sheaf F on a scheme X over F, the geometric Frobenius automorphism
F € Gal(F,/F,),a s a'/?

acts naturally on the stalk Fz for each geometric point T : Spec E — X of X.
Definition 4 (Sheaf-to-function Correspondence)
For K € Db(X,Q), we associate the function
[ X(F) - Q

v Te(F Ky) =Y (=1)'Tr(F, H (K)z). o
For X = Aj we canonically identify X(F,) ~ F,. Hence for K € Di(Ag , Q) we can
define the Fourier transform Ty f% of its associated function. The goal of these exerci-
ses will be to define the Fourier transform already on the level of the derived category.
More precisely, given a non-trivial character ¢ : F, — @, we will construct a functor
Ty : DY(Ag,, Qi) — D(Ag, , Qi) such that f™% = T, f¥. Furthermore, this Fourier trans-
form should satisfy an appropriate analogue of the Fourier inversion theorem.

Exercises to be added!



Laumon’s Proof of the Weil Conjecture

Let X be a smooth projective variety over IF, which is geometrically connected of dimension
n. The fundamental question is to determine how many Fg»-points are in X. To study this,
we collect this data in the zeta function of X, which is the formal power series

tn
n

Z(X,t) = exp(d_ #X(F)—) € Q[[1]].

(Exercise: compute these for the point and P!.)
The Weil conjectures, now a theorem, is the following statement.

Theorem 5 (The Weil Conjectures)

1. Rationality: Z(X,t) is a rational function.

2. Functional Equation: The zeta function satisfy the relation
1

Z(X, —t) = +¢"F2P . Z(X,t)
qn

where E is the self-intersection number of the diagonal A C X x X.

3. Riemann hypothesis: The rational function is of the form

Pi(t)Ps(t) -+ Pop_1(t)
Po(t)Py(t) -+ Py (t)

Z(X, 1) =

where each P;(t) satisfy

(a) Po(t)=1—t
(b) Pon(t) =1—¢q"t
(c) For1<i<2n-—1
Pt) =[]0~ ) € 2l
J
where each «;; is an algebraic integer and |o;;| = ¢¥/? (where the norm is inde-
pendent of embedding of Z|a;;| — C!)

4. There should exist a cohomology theory analogous of analytical/topological cohomo-
logy, such that the rank of P; is the ith Betti number of X.

In the 60’s étale cohomology was developed and Grothendieck used it to prove part 1,2,4
and 3 except for (c¢). This was finally proven in 1974 by Deligne. In 1980 Deligne extended
the framework of Weil’s conjectures and proved a more general, yet more conceptual formu-
lation of the Riemann hypothesis. In 1987 Laumon simplified a technical step in Deligne’s
proof using the Fourier transform discussed above. After an exercise session on the Fourier
transform I will give a talk explaining Laumon’s proof. Hopefully it will be somewhat in line
with Magnus’ talk.
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